Problem 11718 (AMM vol.120,n.6,2013,. Solution by the proposer

Minimization of the sum with the product constraint.
Problem with a solution proposed by Arkady Alt , San Jose ,
California, USA.
n

For given n > 3 positive real ay,as9,...,a, find g := min > x; ,where
i=1
n
x1,Z3,...,T, be any positive real numbers such that zyz5...2, > > a;z;.
i=1
Solution (without using partial derivatives and Lagrange multipli-

ers).

n
1. First we will prove that g = min »_ x;, where positive z1, 2, ..., z,, subject
—~
n ¢
to claim x125...x, = Y a;x;Indeed, suppose that u = z1 + x2 + ... +x,, where
i=1
n n—1
T1Tg. Ty > Y. Qi = Ty (T1T2...Tp—1 — Qp) > Y. A;T;.
i=1 i=1

n—1
> 4T
1=1

T1T2...Tpn—-1 — An

Then z125...x,_1 — a, > 0 and, therefore, x,, >
n—1

> aiT;
1=

1

n—1
then z1%s...xp_17, = a;r; + a,x’ and
n n

Let ], :=
T1X2...Tp—-1 — Qp i=1

Ty >, <= p =x1+x2+ ...+ x,_1+ 2, that is contradiction.
2. Minimization.

n
Let p;,i = 1,2, ...,n positive ideterminate parameters, such that Y a;p; =1
i=1

n
then by setting z; = p;t;, i = 1,2, ...,n we obtain z1z3...2,, = Y a;z; <
n n n =1
P1p2--Pntita.tn = Y aipit; and Y x; = Y pit;.
i=1 i=1 i=1

Let S:= ) p; and P:= [] p;.Since by Weighted AM-GM Inequality

i=1 i=1
n
(1) ; a;pit; > ‘]_:[1 tf’pl and
" T
(2) Ypiti> STt
=1 =1

n . . 1
then we have P [] t; = > a;piti > [ ti"" <= T] t} @iPi > - and from
1] pa 1] o

=1 =1 1=1 i=

n bi
the other hand > pit; > S [[ t,°.
' i=1

i=1
Now we claim:
(3) t1 =ty =...=t, =t (Equality condition in (1) and (2));
1-— 1- 1- nt/n 1-— 9
(4) — 4Pt _ 27z 2T OnPn = - YP19 n.
D1 1 D2 Pn 1 Di n
Then p; = i=1,2,...,n, P= and S = g = S =
p a; + k il;[1 a; +k z‘;p

(©1985-2018 Arkady Alt 1



Problem 11718 (AMM vol.120,n.6,2013,. Solution by the proposer

n 1
i; a; +k
Since Y a;p; = 1 then we obtain following equation for k :
i=1
5 =1
B Lotk

Equation (5) always have unique positive solution which we denote k..
From now we assume that indeterminate parameters p1, po, ..., pn are subject

o the conditions Z; aip; =1, p1p2...pn 1131 @k = il;[1 Ay
n n n 1
d - —= S =
an i; pi z; a; + k. i; a; + k.

n n
Also, condition P[] t; = Y. aipit; gives us Pt™ = Y apit < t =

i=1 i=1 i=1

———=and since P = []

1 1
then t = t, == ._ a; + k).
VP i=1 G5 + ki \1/ zl;ll ( )

: 1—aip; 1 - % kpi kS 1—aip; kS
Since H1 t; > B then _Z:lpiti > S 'Hl t> =5{1II¢ =5 Hl t; >
1= 1=

i= =1
1

1\ %S

S| — .
(%)
NotingthatS—Z;ai_’_k*—kZ(,+a_ : *>_nk*’ e

finally obtain
1 1

n nt>51k551n—1 n>n1
Su=fonzs(p) =s(p)" = Enz S

n—1 (a/i + k*) <
i=1

n n—1
6) Sa> [ TI (s + ko).
i=1 K i=1
Let x b =12, nThen SSar = "1 ] (@i + k) and
eLr, = ——,1 = . n. en r, = —/ n-— Q; %) and,
! a; + k.’ o =" k. \ i=1

-1
therefore, u = nk a1/ [T (@i + kx).
x i=1
Remark. (About equation(5))
Let Q (z) := [] (z + a;) then SRR and equation zn: @ _
i1 ' Ztrta Q(x) i=1 T+ a;
n €T n
1l = 1- =1 < z = n — 1 becomes zQ'(z) =
£ () S o
(n-1)Q ().
Let ¢; := > Ay -eQk;, i = 1,2, ..,n then Q (z) = 2" + gzt +

1<ki<..<k;<i
n—1 .
et o1+ g and Q' (z) = (n—1)Q (z) <= na" + > (n—1i)qz" " =
i=1
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(n—1)a"+ Y (n—1)ga

n

i=1
(7) 2" —qa" 2 —2¢g2" 3 — ... — (n—2)gp_12 — (n—1) g, = 0.
Thus, 3 a‘l S=1 e k= k= 20k — e — (= 2) gk —
1=1 Y1
(n—1)g, =0.

In particular, for n = 3 we have 23 — goz — 2¢3 = 0.
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